The purpose of this paper is to introduce the concepts of multi-valued SCC-, SKC-, KSC-, SCS-and C-type mappings and propose a classical Kuhfitting-type iteration (Kuhfitting in Pac. J. Math. 97(1):137-139, 1981) for finding a common fixed point of the SKC-, KSC-, SCS-and C-type multi-valued mappings in the setting of hyperbolic spaces. Under suitable conditions some -convergence theorems and strong convergence theorems for the iterative sequence generated by the proposed scheme to approximate a common fixed point of a finite family of SKC-, KSC-, SCSand C-type multi-valued mappings are proved. The results presented in the paper extend and improve some recent results announced in the current literature.
Introduction and preliminaries
In , Suzuki [] introduced a class of single-valued mappings satisfying the following condition (C):
Such mappings lie between the class of nonexpansiveness and quasi-nonexpansiveness. Later, this kind of mappings were called Suzuki-type nonexpansive mappings (or singlevalued C-type generalized nonexpansive mappings). In [] , the author proved the existence of a fixed point for such kind of mappings. In , Nanjaras et al. [] gave some characterization of existing fixed points for mappings with condition (C) in the framework of CAT() spaces. In , Dhompongsa et al. [] proved some strong convergence theorems for multi-valued nonexpansive mappings in CAT() space. In , the notion of C-condition was generalized by Karapinar and Tas [] , and some new fixed point theorems were obtained in the setting of Banach spaces.
More recently, in Ghoncheh and Razani [] , the notion of C-condition introduced in [] was generalized to the case of multi-valued version and some existence theorems of fixed point for these mappings were proved in a Ptolemy metric space.
The purpose of this paper is first to introduce the concepts of multi-valued SCC-, SKC-, KSC-, SCS-and C-type mappings and then to propose a classical Kuhfitting-type iteration [] for finding a common fixed point for such kind of multi-valued mappings in the setting of hyperbolic spaces (see the definition below). Under suitable conditions some -convergence theorem and strong convergence theorems are proved for the iterative sequence generated by the proposed scheme to approximate a common fixed point. The results presented in the paper extend and improve some recent results announced in the current literature [-] .
For the purpose let us first recall some definitions, notations and conclusions which will be needed in proving our main results.
A hyperbolic space is a metric space (X, d) together with a mapping W :
, ( -α)), (iv) d(W (x, z, α), W (y, w, α)) ≤ ( -α)d(x, y) + αd(z, w), for all x, y, z, w ∈ X and α, β ∈ [, ].
A nonempty subset K of a hyperbolic space X is said to be convex if W (x, y, α) ∈ K for all x, y ∈ K and α ∈ [, ]. The class of hyperbolic spaces contains normed spaces and convex subsets thereof, the Hilbert ball equipped with the hyperbolic metric [], Hadamard manifolds as well as CAT() spaces in the sense of Gromov (see [] ).
A hyperbolic space is uniformly convex [] if for any given r >  and ∈ (, ], there exists δ ∈ (, ] such that for all u, x, y ∈ X,
, which provides such δ = η(r, ) for given r >  and ∈ (, ], is known as a modulus of uniform convexity of X. η is said to be monotone if it decreases with r (for fixed ), i.e., for any given >  and for any r  ≥ r  > , we have η(r  , ) ≤ η(r  , ). In the sequel, let (X, d) be a metric space and K be a nonempty subset of X. We shall denote by F(T) = {x ∈ K : Tx = x} the fixed point set of a mapping T.
If T : K →  K is a multi-valued mapping, we shall use F(T) = {x ∈ K : x ∈ Tx} to denote the fixed point set of T in K . K is said to be proximal, if for each x ∈ X, there exists an element y ∈ K such that
Remark . It is well known that each weakly compact convex subset of a Banach space is proximal. As well as each closed convex subset of a uniformly convex Banach space is also proximal.
In the sequel, we denote by CB(X) and P(X) the collection of all nonempty and closed bounded subsets and the collection of all nonempty proximal bounded and closed subsets of X, respectively. The Hausdorff metric H on CB(X) is defined by
(ii) quasi-nonexpansive, if F(T) = ∅ and
(ii) T is said to be SKC-type if Proof For any p ∈ F(T) and x ∈ K , we have
Since T is a multi-valued SKC-type mapping, it follows that
Simplifying we have
The conclusion holds.
This completes the proof of Proposition .. 
Define a multi-valued mapping T on X by
Now we prove that T is an SKC-type mapping. In fact, suppose x = (, ) and y = (, ),
and
Therefore we have
By the same way we can prove that the SKC condition holds for the other points in X. This implies that T is an SKC-type multi-valued mapping and (, ) is the unique fixed point of T in X. Therefore T is also a quasi-nonexpansive mapping.
In order to introduce the concept of -convergence in the general setting of hyperbolic spaces [], we first recall some definition and conclusions.
Let {x n } be a bounded sequence in a hyperbolic space X. For x ∈ X, we define a continuous functional r(·,
The asymptotic radius r({x n }) of {x n } is given by
The asymptotic center A K ({x n }) of a bounded sequence {x n } with respect to K ⊂ X is the set
This shows that the asymptotic center A K ({x n }) of a bounded sequence is the set of minimizers of the functional r(·, {x n }) on K . If the asymptotic center is taken with respect to X, then it is simply denoted by A({x n }).
It is known that each uniformly convex Banach space and each CAT() space enjoy the property that 'each bounded sequence has a unique asymptotic center with respect to closed convex subsets.' This property also holds in a complete uniformly convex hyperbolic space. This can been seen from the following.
Lemma . [] Let (X, d, W ) be a complete uniformly convex hyperbolic space with a monotone modulus of uniform convexity η. Then every bounded sequence {x n } in X has a unique asymptotic center with respect to any nonempty closed convex subset K of X.
Recall that a sequence {x n } in X is said to ' -converge to x ∈ X' if x is the unique asymptotic center of {u n } for every subsequence {u n } of {x n }. In this case, we write -lim n→∞ x n = x and call x the -limit of {x n }. 
Lemma . Let (X, d, W ) be a complete uniformly convex hyperbolic space with a monotone modulus of uniform convexity η, then X possesses the Opial property, i.e., for any sequence {x n } ⊂ X with -lim n→∞ x n = x and for any y ∈ X with x = y, then
Proof In fact, the conclusion of Lemma . can be obtained from the uniqueness of the asymptotic center for each complete uniformly convex hyperbolic space with monotone modulus of uniform convexity.
By a similar method as given in [], we can also prove the following lemma.
Lemma . Let (X, d, W ) be a complete uniformly convex hyperbolic space with a monotone modulus of uniform convexity η and {x n } be a bounded sequence in X with A({x n }) = {p}. Suppose that {u n } is a subsequence of {x n } with A({u n }) = {u}, and the sequence {d(x n , u)} is convergent, then p = u.
In the sequel, we always assume that (X, d, W ) is a complete uniformly convex hyperbolic space with a monotone modulus of uniform convexity η and K is a nonempty closed subset of X, and T : K → P(K) is an SKC-type multi-valued mapping. For any given x, y ∈ K , since Tx and Ty both are nonempty bounded proximal subsets in K , there exist u x ∈ Tx, u y ∈ Ty such that
, K , T be the same as above. For any given x, y ∈ K , let u x ∈ Tx, u y ∈ Ty be the points satisfying (.). Then the following conclusions hold:
Proof For given x ∈ K , since Tx is a nonempty bounded and proximal subset of K , there
and T is an SKC-type multi-valued mapping, we have
Conclusion () is proved.
It is obvious that conclusion () is a consequence of conclusion (). Next we prove conclusion (). In fact, if
which is a contradiction. Therefore the conclusion of Lemma . is proved.
Lemma . Let (X, d, W ), K , T be the same as in Lemma .. For any given x, y ∈ K , the following conclusion holds:
Proof By conclusion () in Lemma ., for any x, y ∈ K , we have
where
and u x ∈ Tx, u y ∈ Ty are the points satisfying (.).
(I) Now we consider the first case:
Simplifying we have d(x, Ty) ≤ d(x, Tx) + d(x, y).
This implies that in the first case, the conclusion of Lemma . is true.
(
II) Now we consider the second case, i.e., H(Ty, Tu x ) ≤ N(y, u x ). (a) If N(y, u x ) = d(y, u x ), then H(Ty, Tu x ) ≤ d(y, u x ). By using Lemma .(), we have
using Lemma .() again, we have
Simplifying we have d(x, Ty) ≤ d(x, Tx) + d(x, y).
This completes the proof of Lemma .. Proof By the assumption, Tz is a convex and proximal subset of K . Hence, for each x n , n ≥ , there exists a point u z n ∈ Tz such that
Lemma . Let (X, d, W ) be a complete uniformly convex hyperbolic space with a monotone modulus of uniform convexity η, K be a nonempty closed and convex subset of X and T : K → P(K) be an SKC-type multi-valued mapping with convex values. Suppose {x
Taking x = x n , y = z in Lemma ., by Lemma . we have
Since {u z n } is a bounded sequence in Tz, by Lemma ., there exists a subsequence {u z n k } ⊂ {u z n } such that -lim k→∞ u z n k = u z ∈ Tz. Hence we have
Taking the superior limit on the both sides of the above inequality, we get
Hence by Lemma ., u z = z. Thus z ∈ Tz and the proof is completed.
Main results
Now we are in a position to give the following existence and approximation results.
Theorem . Let (X, d, W ) be a complete uniformly convex hyperbolic space with a monotone modulus of uniform convexity η and K be a nonempty closed convex subset of X. Let T i : K → P(K) (i = , , . . . , m) be a finite family of SKC-type multi-valued mappings with convex values. Suppose that
where z n, ∈ T  (x n ) and z n,k ∈ T k (y n,k- ) for k = , , . . . , m. Then the sequence {x n } defined by (.) -converges to a point in F .
Proof The proof of Theorem . is divided into three steps as follows.
Step . First we prove that lim n→∞ d(x n , p) exists for each p ∈ F . In fact, it follows from Proposition . that each SKC-type multi-valued mapping T with F(T) = ∅ is a multi-valued quasi-nonexpansive mapping. Hence, for any p ∈ F , by (.) we have
Similarly, we can also have
This implies that lim n→∞ d(x n , p) exists for each p ∈ F . And so {x n } is bounded.
Step . Now we prove that
In fact, since for each p ∈ F the limit lim n→∞ d(x n , p) exists, without loss of generality, we may assume that
We have
it follows from (.), (.) and Lemma . that
On the other hand, it follows from (.) that
Let n → ∞ and taking lower limit on both sides of the above inequality, we have
By (.) and (.) we have that
It follows from (.), (.) and Lemma . that
we have
Let n → ∞ and taking lower limit on both sides of the above inequality, by (. 
By virtue of (.), (.), (.)-(.) and Lemma ., we have
This completes the proof of (.).
Step . Finally, we prove that the sequence {x n } -converges to a common fixed point of F .
Denote by W ω (x n ) = {u n }⊂{x n } A({u n }). Firstly, we show that W ω (x n ) ⊂ F . Indeed, if u ∈ W ω (x n ), then there exists a subsequence {u n } of {x n } such that A({u n }) = {u}. By Lemma ., there exists a subsequence {u n k } of {u n } such that -lim k→∞ u n k = p ∈ K . Since lim n→∞ d(x n , T i x n ) =  (i = , , . . . , m), it follows from Lemma . that p ∈ F . So lim n→∞ d(x n , p) exists. By Lemma ., we have that p = u ∈ F . This implies that
Next, let {u n } be a subsequence of {x n } with A({u n }) = {u} and A{x n } = {v}. Since u ∈ W ω (x n ) ⊂ F , and lim n→∞ d(x n , u) exists, by Lemma . it follows that v = u. This implies that W ω (x n ) contains only one point. Again since W ω (x n ) ⊂ F and W ω (x n ) contains only one point and lim n→∞ d(x n , q) exists for each q ∈ F , we known that {x n } -converges to a common fixed point of T i (i = , , . . . , m). The proof is completed. Proof By the assumption that for each x ∈ K and each i = , , . . . , m, T i x is a bounded closed and convex subset of K . Since K is compact, T i x is a nonempty compact and convex subset, it is a bounded proximal subset in K , i.e., T i : K → P(K) (i = , , . . . , m). Therefore all conditions in Theorem . are satisfied. It follows from (.) and (.) that for each p ∈ F and for each i = , , . . . , m, the following limit
follows from Lemma . that 
Then the following conclusions hold: 
An application to the image recovery
The image recovery problem is formulated as to find the nearest point in the intersection of a family of closed convex subsets from a given point by using corresponding metric projection of each subset. In this section, we consider this problem for two subsets of a complete CAT() space.
Theorem . Let (X, d) be a complete CAT() space. Let C  and C  be nonempty closed convex subsets of X such that C  ∩ C  = ∅. Let P  and P  be metric projections from X onto C  and C  , respectively. Let {α n,i } ⊂ [a, b] ⊂ (, ) (i = , ). For arbitrarily chosen x  ∈ X, let {x n } be the iteration defined by y n, = α n, x n ⊕ ( -α n, )P  x n , x n+ = α n, x n ⊕ ( -α n, )P  y n, , n ≥ .
(.)
Then {x n } -converges to a fixed point of the intersection of C  and C  .
Proof Since (X, d) is a CAT() space, it is a uniformly convex hyperbolic space with a monotone modulus of uniform convexity η = ε   , and W (x, y, α) = αx ⊕ ( -α)y for all x, y ∈ X and α ∈ [, ]. Further, since P  and P  are metric projections, they are singlevalued SKC-type mappings. Further, we also get F(P  ) = C  and F(P  ) = C  . Thus, letting T  = P  and T  = P  in Theorem ., we know that all conditions in Theorem . are satisfied. Therefore the desired result can be obtained from Theorem . immediately. 
A numerical example

